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EXTREMES OF WAVE FORCES

By Mircea Grigoriu,’ M. ASCE

ABsTRACT: Probabilistic descriptors are developed for Morison-type wave forces.
They are based on the actual distribution of these forces and on the hypothesis
that wave forces follow Gaussian distributions. The Gaussian hypothesis is
characteristic of analyses based on statistical linearization. Results show that
this hypothesis provides unsatisfactory estimates for the peak of wave forces
during design storms. Both the mean and the variance of the peak wave force
can be underestimated significantly when the Gaussian hypothesis is applied.
It is assumed in the analysis that the wave particle velocity process follows a
Gaussian distribution.

INTRODUCTION

According to Morison’s equation, wave forces acting on cylindrical
members have two components: drag forces, which depend nonlinearly
on wave particle velocity, and inertia forces, which are proportional to
wave particle acceleration (1,7,8,9,11,12). Wave forces are then non-
Gaussian processes, although fluid velocities are assumed to follow
Gaussian distributions. Yet, they are modeled by Gaussian processes when
the analysis is based on statistical linearization because, in this ap-
proach, drag forces are approximated by linear functions of wave par-
ticle velocities (1,7,8,9,11).

The Gaussian hypothesis was examined extensively in the past, and
probabilistic characteristics were developed for individual peaks of wave
forces and the largest value of these forces during storms (1,7,9,10,12,
13,14). The analysis of extreme wave forces was often based on the as-
sumption that individual peaks are independent (1,12,13,14). Mean
crossing rates of the wave force process (9,10) and simulation (7) were
also applied to determine maxima of wave forces. Developments gen-
erally consider the case of small or inexistent currents and assume that
Morison's equation is valid.

This paper develops probabilistic descriptors for wave force processes
characterized by Morison’s equation, e.g., marginal distributions, mean
crossing rates, and extreme value distributions, and further evaluates
the Gaussian hypothesis. The descriptors are general and simple. They
have closed forms for drag forces with or without current and involve
a single numerical integration when drag and inertia forces are consid-
ered simultaneously. Results can be applied directly to the analysis of
quasi-static response of offshore platforms when Morison’s equation is
valid.

Wave Forces

Let Y*(t) be the wave particle velocity at any time, t. It is assumed
that Y*(t) is a twice-differentiable, stationary Gaussian process with pos-
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itive mean yq, variance ¢%, and autocovariance function, By(1) = apy (7).
The process will be viewed in the analysis as the sum of two compo-
nents, the current, y,, and the zero-mean fluctuating component, Y(¢):

Y O = Yot Y o eenee i %)

The variances of Y(f) and dY(t)/dt and Yo = d2Y(t)/dt?, which are
needed to characterize inertia forces, can be determined from the fol-
lowing expressions (8):

o3 ==03pl(0); oL =a3pT0) ot @

According to Morison's equation (1,7,12,13), wave forces are propor-
tional to .

RO=X00)+Xalt) oo 3)
in which the process

XiO= o+ YN Yo+ YO oo @)
denotes drag forces and -

XaD)=aY() oo (5)

characterizes inertia forces. The coefficient a is a measure of the relative
importance of inertia forces with respect to drag forces, e.g., inertia forces
are negligible for small values of a.

Drag Forces

From Eq. 4, the drag force is a stationary non-Gaussian process whose
characteristics can be determined from the probability law of the fluc-
tuating component of flow velocity and the current.

Marginal Probabilistic Characteristics.—The instantaneous density,
1, of X,(t) is independent of time since the drag force process is sta-
tionary. It can be obtained from Eq. 4 and characteristics of Y(t) by
elementary transformations, which are discussed in most texts of prob-
ability theory (8). According to these transformations

filn) = ! exp [—1 (g_____“‘(x) ~ y°>2] (6)
V2 avlg' (g7 (x) 2 oy

in which x = g(y) = (o + ¥) |yo + y|. The marginal density of X;(t) can
also be given in the form

v ()

in which sgn (x) = —1; 0; or 1 when x takes on negative, zero, or positive
values. This density is symmetric about x = 0 only when y, = 0. The
mean, m, , and the variance, o7, of the drag force can be determined from
the first and second moments of the density in Eq. 7, i.e., the integrals

v [[° ) -22
= —— 1+ — d
n; = [f,,,,,( az) exp( 3 ) z
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Note that a is nearly zero when the current is dominant but approaches
infinity as y, — 0 for finite values of oy . In the latter case, m;, = 0 ?nfi
o + mi = o} = 30} because y3(1 £ az)’ - oz? yi(1 = az)* — o}zt,
and 1/a — 0 when the current vanishes.

The mean and variance of the response can be calculated simply from
Eqgs. 8-9 and the following closed-form integrals:

= .2
] (1 + az) exp (—Zz—) dz=V2m(l+ad) q>‘<é)

_.a2
+ (ac? + 2a) exp (—2—) ........................................ (11)

2
f(l + az)' exp (—-z—) dz = V2w (1 + 60 + 3a*) @f(-‘f—)

2

2
+ [a0* (@ + 3) + 4a’(@® + 2) + 6ac® + da] exp (—25-) ............... (12)

in which ®° = the complementary cumulative distribution function of
the standard Gaussian variable. Table 1 gives values of the mean and
standard deviation of the drag force scaled by yé , i.e., the dimensionless
coefficients
yo' Ty
for selected values of a. They are obtained from Egs. 8-12 and are de-
fined when the current is not zero. . _
The mean and the variance of X;(t) can be obtained approximately
from linearized expressions of the drag force. For positive values of y,,

...........................................

TABLE 1.—Mean and Variance Coefficients of Drag Forces

Coefficient | «a=01 | «a=03 | a=05 [ a=10 | a=20
M @ @ @ ) (6)
¢ 1.01 1.07082 | 110741 | 15250 | 2.7902
{ 0.200499 | 0.625344 | 1.1018 25035 | 6.5858
2a 0.20 | 0.60 1.00 2.00 4.00
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one such expression is y3 + 2y,Y(t). It approximates the mean and the
variance of the drag force by y§ and 407y, = 4o’y§. The corresponding
dimensionless coefficients in Eq. 13 can then be approximated by & =
1.0 and { = 2a. From Table 1, the approach provides satisfactory second-
moment descriptors for X;{t) when a = 0.5.

Mean Crossing Rates.—The mean upcrossing rate of level x of X,(t),
vi(x), can be obtained simply from developments in Appendix I related
to nonlinear transformation of Gaussian processes. From Eq. 43 in this
appendix and the observation that there is a one-to-one correspondence
between drag forces and flow velocities, one finds

1oy 1[sgn (1) Vix| - yo]’
v.(x) = E;—;exp {—E [——-——;—Y—B] } ..................... (14)
AE 1 rol — 112
or (%) = voexp {—1 [sgn €+ Vi + 4 1} } ............. (15)
2 a
inwhich =t T Y O (16)

T Ty 2%

The standardized threshold, %, gives the number of standard deviation,
oy, from m; to x and can be determined from

x=m+ox= y(z)(g + gf) ...................................... (17)

Let v(x) be the mean upcrossing rate of level x of the drag force under
the Gaussian hypothesis. According to this hypothesis, X;(f) is a Gaus-
sian process. The corresponding mean upcrossing rate function has the
expression (8,11)

lg¢ 1
G(£) = — — —— g2
Vi (%) m ol exp( 2x> ...................................... (18)

in which &, = the standard deviation of Xi(f) = dX,(t)/dt. From Eq. 4,
the time-derivative of the drag force process is

Xi) = 2o+ YL Y(B) e (19)

for all values of y; and Y(¢). Since Y(t) and Y(t) are independent at any
t, the process X,(t) has the mean zero and variance

G2 =A03YRL + 02) oottt e (20)

The mean upcrossing rate in Eq. 18 can also be given in the form (Egs.
13 and 20)

(%) = vy -= %

20V1 +o? ( 1 )
————— exp

The ratio begween the exact and the approximate mean upcrossing
rates, v; and vy in Egs. 15 and 21, has the expression
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FI1G. 1.—Ratlo of Exact to Approximate Mean Upcrossing Rates of Drag Force

i} Ve+-1\ T
1o B S {_1 [<__g_+_c_x___) n x] } ............. 22)
vi(®) 2aV1+do? 2 «

for positive values of %. Fig. 1 shows the variation of the ratio v,/1{ in
Eq. 22 with the standardized threshold, %, for several values of a. Note
that the Gaussian hypothesis results in unconservative approximations
of the mean upcrossing rate. The degree of unconservatism increases
with the threshold and the value of « (larger values of o correspond to
smaller currents). For example, v,/v{ is approximately 6.4 and 100 at %
= 4.0 when a = 0.1 and 0.5, respectively. Note also that the ratio v/
is nearly independent of a and approximately equal to its value for o =
® (zero current) when a exceeds 0.5. Values of a in excess of 0.5 are
common in design.

Largest Value Distribution.—It is generally convenient to develop for
design purposes other descriptors of the peak wave forces, in addition
to the mean upcrossing rate. Let X, , be the maximum drag force during
a storm of duration 7 and denote by
K= R T 23)

01

The cumulative distribution function of X, , at x can be determined from
the probability that the drag force is smaller than x at ¢ = 0, i.e., X\(0)
< x, and the number of upcrossings of threshold x of X,(f) during [0, 7],
N,(x), is zero. This probability can be determined simply if it is assumed
that the variables X;(0) and N,(x) are independent and the upcrossings
of level x on X,(f) follow a Poisson process. The assumptions are sat-
isfactory for relatively high thresholds (8,15) and provide the following
expression for the distribution Fi, of X;,

Fii®) = Fy(®) exp [=m) 8] - oo ovvneneienaeeneceeaees (24)
This function depends on (%) = vi(¥)/vo with »,(%) in Eq. 15 and the
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FIG. z—Exict and Approximate Probability Density Functions of Peak Drag Force
marginal distribution of X,(t) = (X;(t) = m,;)/o, which has the form

sgn (£ + L2 VIE+ (%] - 1)
o

Fy(®) = 4><

in which ¢ = the cumulative distribution function of the standard Gaus-
sian variable. The density of X; ., fi.., can be obtained by differentiating

Eq. 24
{

(%) = 8(% - 8 —

fir(%) = 8(%) exp [—(vor) (JC)]{Z'Jl s

”)csgn(euf)v E+ -1
' 202 Vg + i3]

Similar considerations can be applied when Gaussian drag forces are
postulated. In this case, the density f{,, of X, has the expression

+( F1(f)} ......................... (26)

2
fi(%) = [——1—— + (vg7) id)(i)] exp {—f— - (vo¥) e‘"’z} ............. (27)

Van 2
Fig. 2 shows the densities f, . and f{, with solid and dotted lines for v
= 200, 4,000, and 40,000. They are referred to as exact and Gaussian
results. Note that the Gaussian hypothesis underestimates in the aver-
age the peak response.

The densities in Eqs. 26-27 were used to determine by numerical in-
tegration the mean, the standard deviation, the coefficient of skewness,
and the coefficient of kurtosis of the peak drag force. Fig. 3 shows the
variation of these moments with vyt for a = 0.5. Similar results were
found for other values of a. The means and the standard deviations
plotted in this figure are divided y3. Note that the Gaussian hypothesis
yields approximations which underestimate significantly the mean and
the standard deviation of the peak wave force. For example, the exact
values of the mean, the standard deviation, the coefficient of skewness,
and the coefficient of kurtosis are 10.4 y3, 0.86 3, 1.06, and 5.05 for
= 0.5 and w7 = 10,000. These moments are approximated by 6.0 y2,
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FiQ. 3.—Exact and Approximate Moments of Peak Drag Force

0.26 y2, 0.88, and 4.38 when the Gaussian hypothesis is applied. The
use of this hypothesis in analysis is likely to result in unconservative
designs.

Asymptotic approximations (as vyt — ) can be developed for the mean
and variance of the peak drag force process when this process is as-
sumed to be Gaussian. They are (2)

0.577216
S =yl &+ (\/21 vor) + ——)] ...................... (28)
ey [§ . n ) 2 In (vg1)

Y D g T 29
o1 = Yo 62w T (29)

The approximate means and variances in these equations coincide prac-
tically with corresponding parameters in Fig. 3, which were obtained by
numerical integration.

DRraG AND INERTIA FORCES

The general wave force in Egs. 3-5 is examined in this section. Note
that the drag and the inertia forces, X;(f) and X,(t), are independent at
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any time ¢ because Y(f) and Y(t) are uncorrelated Gaussian processes.
From Egs. 3, 13, and 20, the mean and the variance of R(t) are

while the variance of the time-derivative of the wave force has the
expression

o =[41+a®)+8Jodyd. oo (32)

These equations are valid when the current is not zero. When there is
no current, mg = 0, ok = 30} + o}, and o} = 40}0} + a’ ¢}. The
parameter B in Eq. 31 quantifies the importance of inertia force with
respect to drag forces associated with the current and is equal to

0 Yo

ovyo a —py(0)

From Egs. 33-34, B and 3 depend on the correlation structure or,
equivalently, the power spectral density of Y(f). This dependence is ex-
amined in Table 2 for monochromatic, narrow-band, and wide-band wave
particle velocities, Y(t), for the case in which o2 = 1.0. Results show
that the ratio 0%/0} depends weakly on the shape of the power spectral
density of Y(#). Thus, 3 is primarily a function of the relative importance
of inertia and drag forces, i.e., the ratio a/y, . The parameters, o, B, and
b can be determined simply from the ratio, a, between the inertia and
drag coefficients, the current y,, and the spectral characteristics of flow
velocity.

TABLE 2.—Spectral Characteristics of Wave Particle Velocity

One-sided spectral oV Q)
density of Y(f) o o} oy —p}(0)
1) (@) 3 4
1.0, 0 = w,
G = { ’ 0 2 4
o) 0.0, otherwise @0 wo 1.0
~,0<wso w? w! 3 L 3al6
Gy(w) = 1% Y = —= =1
0, 0> 0, 3 5 V5

Gy(w)

( ),m,SwSmb 5 (1):
Wy = Oy Wi —(pt+ P+ | —
= . §(p2+p+1) 5(p prr V5 ptp+1
10,0, otherwise p = — +p+ 1) 1.0 = o}/ol =< 3/V5
uy

3 Vpl+ep+pi+p+i

Mean Crossing Rates.—The mean upcrossing rate of level r of R(t),
v(r), can be determined exactly from the mean rate at which the vector
process {X,(t), Xy(t)} leaves the two-dimensional domain {(x;,%;) : x; + x2
< 1} (3,16). For simplicity, v is approximated in this section from the
point-crossing formula. According to this formula, v can be approxi-
mated by (6,17)

L3

v¥(r) = J' f00) vi(r — x2) dx, + f fillx) valr —x)dxqeeeninnn (35)

in which f; and v; denote the marginal density and the mean upcrossing
rate functions of X/(t). The point-crossing formula has been applied suc-
cessfully to the analysis of the combined effect of structural loads.

The marginal density and the mean upcrossing rate functions of Xi(t),
the drag force, are given in Eqs. 7 and 14. The corresponding functions
of X,(t), the inertia force, can be determined simply because this process
is Gaussian:

1 197
= exp{ = = | e (36)
fin V2waoy p{ 2 [aOY] }
1 o} 11 n 2
Y

=—— —= =l b 37
and v(m) 2 oy exp{ > [aoy] } (37)
From Eq. 35, the mean upcrossing rate v(r) can be approximated by
v (F) = vo e (2 PYT T U (38)

27 B

in which 7 = (r ~ mg)/og with mg and og in Eqs. 30-31 and

o[ e A (=)
+Bexp [—% ((" - 1)2 + (': ~ Sgg ®) “2)2)}} Qe (39)

and F = rfyd = £ + PV + B2

The mean upcrossing rate of the wave force, when assumed to be a
Gaussian process, can still be determined from Eq. 18, in which o and
oy are given by Egs. 31 and 32. It has the expression

/4 1+a)+¥ 1
ve(F) = vort —(—E—z—%?—- exp (_E fz) ........................ (40)

and involves only second-moment characteristics of the response and its
time-derivative.

From Egs. 38-40, the ratio between the mean upcrossing rates v* and
144 iS .

i 1| gee (1_2) ”
vc(f)-m 4(1+a2)+82v (7) exp ST e 4mn
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FIG. 4.—Ratlo of Exact to Approximate Mean Upcrossing Rates of Drag and In-
ertia Forces

This result is applied to evaluate the Gaussian hypothesis although it
involves approximations. However, the experience with the point-cross-
ing formula (6,17) shows that errors associated with this formula are
much smaller than those due to the Gaussian assumption (Fig. 1). Thus,
it is considered that Eq. 41 provides a satisfactory base for the evaluation
of the Gaussian hypothesis when both drag and inertia forces act si-
multaneously. '

Fig. 4 shows the variation of v*/v; in Eq. 41 with # for o}/02 = 1.0
(i.e., monochromatic excitation), @ = 0.5 and selected values of B. The
ratio v* /v increases with the threshold but decreases with 8. For small

values of B drag forces are dominant and, as expected, v*/vg and v, /vf

in Fig. 1 are nearly equal. When inertia forces are significant B is large
and the response follows approximately a Gaussian distribution. In this
case, the Gaussian hypothesis is satisfactory (v*/vc = 1.0). Similar re-
sults have been found for other types of excitations, e.g., the narrow-
and wide-band processes in Table 2.

The mean crossing rate functions developed in this section can be ap-
plied as in Eqs. 26-27 to determine probabilistic characteristics of the
peak wave force during storms. However, such developments are not
presented in this paper.

CoNCLUSIONS

Exact and approximate descriptors were determined for the Morison-
type wave forces and their peaks during design storms. The approxi-
mations were based on the hypothesis that wave forces follow Gaussian
distributions. It was assumed that the wave particle velocity can be mod-
eled by a Gaussian process.

Results show that the Gaussian hypothesis, which is characteristic to
the statistical linearization method, yields unsatisfactory descriptors for
the peak wave force. Both the mean and the variance of this variable
are generally underestimated. The Gaussian hypothesis is acceptable only
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when inertia forces are dominant because, in this special case, the wave,
force is approximately a Gaussian process.
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APPENDIX |.~CROSSINGS OF NONLINEAR TRANSFORMATIONS
OF GAUSSIAN PROCESSES

Consider the random process

XA = QY ME) < ovrenne et 42)

in which, g = a nonlinear transformation; and Y *() = a stationary ?aus"»—
sian process with mean y, and variance o . It is assumed that Y*(t) is
differentiable and the variance of dY*(t)/dt is equal to o% . The transfor-
mation g cannot generally be inverted over its entire domain of defini-
tion. However, it can be inverted over its intervals of monotony, D;. In
this intervals, g = g; is a monotonic function that takes on values in the
range (a;,b;). Fig. 5 shows this situation.

It can be shown (5) that the mean upcrossing rate of level x of X(t),
vx(x), can be obtained from the following equation:

vx(x) = 2 TN R o ) P (43)
in which, #;(x) = 1 for x in (a;,b;) and is zero for arguments x outside
this range. The function v(g; 1(x)) denotes the mean upcrossing rate of
level g; " (x) of Y*(#) and has the expression

1 0y 1(87') = o\’ »
VY(g.'_‘(x)) = 51—1 ;;exp [-E (—r ....................... (44)

From Fig. 5, X(f) upcrosses a threshold x when Y*(f) upcrosses any
of the levels g;'(x). Thus, the number of upcrossings of leyel x of X(})
during any period is equal to the total number of upcrossings of }f"‘(t)
with respect to the levels g;}(x), for all values of i, over the same period.
This observation can be used to write directly the result in Eq. 43.

xegly)

rxegly)
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T ‘il

g, (x)

| SN

imtervol of Monotony, D)

3

FIG. 5.—Nonlinear Transformation of Gaussian Processes

1741



ApPENDIX Il.~~REFERENCES

1.
2.

10.

1.

12,

13.

14.

15.

16.

17.

Borgman, L. E., “Statistical Models for Ocean Waves and Wave Forces,” Ad-
vances in Hydroscience, Vol. 8, 1972, pp. 139-181.

Davenport, A. G., “Note on the Distribution of the Largest Value of a Ran-
dom Function with Application to Just Loading,” Proceedings, Institution of
Civil Engineers, London, England, Vol. 28, 1964, pp. 187~196.

. Grigoriu, M., “Mean Failure Rate for Structural Systems Subjected to Time-

Dependent Loads,” presented at the June 21-25, 1982, Ninth National Con-
gress of Applied Mechanics, held at Ithaca, N.Y.

. Grigoriu, M., “Dynamic Response of Offshore Platforms to Environmental

Loads,” Proceedings of the 4th ASCE Specialty Conference on Probabilistic Me-
chanics and Structural Reliability, American Society of Civil Engineers, Jan.,
1984, pp. 115-118.

. Grigoriu, M., “Crossings of Non-Gaussian Translation Processes,” Journal of

Engineering Mechanics, ASCE, approved for publication.

. Larrabee, R. D., and Cornell, C. A., “Combination of Various Load Pro-

cesses,” Journal of the Structural Division, ASCE, Vol. 107, No. ST1, Paper
15999, Jan., 1981, pp. 223-239. -

. Larrabee, R. D., “Extreme Wave Dynamics of Deepwater Platforms,” pre-

sented at the Aug., 1982, 3rd International Conference on Behavior of Off-
shore Structures, BOSS 82, held at Cambridge, Mass.

. Lin, Y. K., Probabilistic Theory of Structural Mechanics, Robert E. Krieger Pub-

lishing Company, Huntington, N.Y., 1976.

. Moe, G., and Crandall, S. H., “Extremes of Morison-Type Wave Loading on

Simple Pile,”” Translations of the ASME, Vol. 100, Jan., 1978, pp. 100-104.
Moe, G., “Long-Term Wave Force Statistics for a Vertical Pile,” Coastal En-
gineering, Vol. 2, 1979, pp. 297-311.

Rice, 5. O., “Mathematical Analysis of Random Noise,” Bell System Technical
Journal, Vol. 24, 1945, pp. 46-156.

Tickell, R. G., “"Continuous Random Wave Loading on Structural Members,”
The Structural Engineer, Vol. 55, No. 5, May, 1977, pp. 209-222.

Tickell, R. G., “The Probabilistic Approach to Wave Loading on Marine
Structures,” Mechanics of Wave-Induces Forces on Cylinders, T. L. Shaw, ed.,
Pitman Advanced Publishing Program, San Francisco, Calif., 1979, pp.
152-178.

Tung, C. C., “Peak Distribution of Random Wave-Current Force,” Journal of
the Engineering Mechanics Division, ASCE, Vol. 100, No. EM5, Paper 10843,
Oct., 1976, pp. 873-884.

Vanmarcke, E. H., “Structural Response to Earthquakes,”” Seismic Risk and
Engineering Decisions, C. Lmnitz and E. Rosenblueth, eds., Elsevier Publish-
ing Co., Amsterdam, The Netherlands, 1976, pp. 287-337.

Veneziano, D., Grigoriu, M., and Cornell, C. A., “Vector-Process Models for
System Reliability,” Journal of the Engineering Mechanics Division, ASCE, Vol.
103, No. EM3, Paper 12981, June, 1977, pp. 441-460.

Winterstein, S. R., “Combined Dynamic Responses: Extremes and Fatigue
Damage,” Research Report R80-46, Department of Civil Engineering, Massa-
chusetts Institute of Technology, Cambridge, Mass., Dec., 1980.

1742




	Extremes of wave forces 

