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Aasnu.CT: Probabilistic descriptors are developed for Morison-type wave forces. 
They are based on the actual distribution of these forces and on the hypothesis 
that wave forces follow Gaussian distributions. The Gaussian hypothesis is 
characteristic of analyses based on statistical linearization. Results show that 
this hypothesis provides unsatisfactory estimates for the peak of wave forces 
during design storms. Both the mean and the variance of the peak wave force 
can be underestimated significantly when the Gaussian hypothesis is applied. 
It is assumed in the analysis that the wave particle velocity process follows a 
Gaussian distribution. 

INTRODUCTION 

According to Morison's equation, wave forces acting on cylindrical 
members have two components: drag forces, which depend nonlinearly 
on wave particle velocity, and inertia forces, which are proportional to 
wave particle acceleration (l,7,8,9,11,12). Wave forces are then non­
Gaussian processes, although fluid velocities are assumed to follow 
Gaussian distributions. Yet, they are modeled by Gaussian processes when 
the analysis is based on statistical linearization because, in this ap­
proach, drag forces are approximated by linear functions of wave par­
ticle velocities (1,7,8,9,11). 

The Gaussian hypothesis was examined extensively in the past, and 
probabilistic characteristics were developed for individual peaks of wave 
forces and the largest value of these forces during storms (1,7,9,10,12, 
13,14). The analysis of extreme wave forces was often based on the as­
sumption that individual peaks are independent (l,12,13,14). Mean 
crossing rates of the wave force process (9,10) and simulation (7) were 
also applied to determine maxima of wave forces. Developments gen­
erally consider the case of small or inexistent currents and assume that 
Morison's equation is valid. 

This paper develops probabilistic descriptors for wave force processes 
characterized by Morison's equation, e.g., marginal distributions, mean 
crossing rates, and extreme value distributions, and further evaluates 
the Gaussian hypothesis. The descriptors are general and simple. They 
have closed forms for drag forces with or without current and involve 
a single numerical integration when drag and inertia forces are consid­
ered simultaneously. Results can be applied directly to the analysis of 
quasi-static response of offshore platforms when Morison's equation is 
valid. 

WAVE FORCES 

Let Y* (t) be the wave particle velocity at any time, t. It is assumed 
that Y*(t) is a twice-differentiable, stationary Gaussian process with pos­
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itive mean y0 , variance <r~, and autocovariance function, Br(T) == <J'~py(T). 
The process will be viewed in the analysis as the sum of two compo­
nents, the current, y0 , and the zero-mean fluctuating component, Y(t): 

Y* (t) = Yo + Y(t) .....................•......................... (1) 


The variances of Y(t) and dY(t)/dt and Y(t) = d 2 Y(t)/dt 2, which are 
needed to characterize inertia forces, can be determined from the fol­
lowing expressions (8): 

a~= -(J'~p~(O); ai = <J'~pY'(O) ................................... (2) 


According to Morison's equation (1,7,12,13), wave forces are propor­
tional to 

R(t) = X1 (t) + X2(t) ............................................ (3) 

in which the process 

X1(t) = (Yo +Y(t))I Yo + Y(t)j ..................................... (4) 
denotes drag forces and 

X2(t) = aY(t) ................................................... (5) 


characterizes inertia forces. The coefficient a is a measure of the relative 
importance of inertia forces with respect to drag forces, e.g., inertia forces 
are negligible for small values of a. 

DRAG FORCES 

From Eq. 4, the drag force is a stationary non-Gaussian process whose 
characteristics can be determined from the probability law of the fluc­
tuating component of flow velocity and the current. 

Marginal Probabilistic Characteristics.-The instantaneous density, 
f1 , of X1(t) is independent of time since the drag force process is sta­
tionary. It can be obtained from Eq. 4 and characteristics of Y(t) by 
elementary transformations, which are discussed in most texts of prob­
ability theory (8). According to these transformations 

2 
1 [ (x) - y0) ]1 

1 

f1(x) = .. r;::- exp - - ................ (6) 
v 2ir <J'rlg'(g- 1(x»I 2 <J'y 

in which x = g(y) = (y0 + y) IYo + yj. The marginal density of X1(t) can 
also be given in the form 

f1(x) = ~exp{-! [sgn (x) vfxj - Yo]2} .................. (7) 
2<J'r 2irlxl 2 <J'y 

(g-

in which sgn (x) = -1; O; or 1 when x takes on negative, zero, or positive 
values. This density is symmetric about x = 0 only when y0 = 0. The 
mean, m1 , and the variance, uf, of the drag force can be determined from 
the first and second moments of the density in Eq. 7, i.e., the integrals 

m1 =. y2;_ [f"' (1 + az)2 exp ( z2) dz 
V 21T -1/a 2 
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=-

-r (1 - az)2 exp (-z
2

) dz] ................................... (8) 

JI/a 2 , 

a~ + m~ = • ~ [f" (1 + az)4 exp (-z
2

) dz 
V 2ir -1/u 2 

+ 1~" (1 - az)4 exp (-;
2

) dz] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (9) 

in which a= <Ty •••••••••••••••••••••••••••••••••••••••••••••• (10) 
Yo 

Note that a is nearly zero when the current is dominant but approaches 
infinity as Yo-+ 0 for finite values of cry. In the latter case, m1 = 0 and 
er~ + m~ = er~ = 3cr~ because y~(l ± az)2-+ <J'~z2, y~(l ± az)4 -+ crtz4

, 

and l/a -+ 0 when the current vanishes. 
The mean and variance of the response can be calculated simply from 

Eqs. 8-9 and the following dosed-form integrals: 

2 2L"' (1 ± az) exp (-;
2

) dz= y'i; (1 + a ) cf>'(~) 

(-a2)+ (aa2 + 2a) exp T ........................................ (11) 


2 

[ (1 ± az)4 exp (-; ) dz= y'i; (1 + 6a2 + 3a4
) cf>'(~) 

4 3 2 -a( 2)+ [aa (a3 + 3) + 4a (a2 + 2) + 6aa + 4a) exp T ............... (12) 


in which cf>' = the complementary cumulative distribution function of 
the standard Gaussian variable. Table 1 gives values of the mean and 
standard deviation of the drag force scaled by y~, i.e., the dimensionless 
coefficients 

m1 <r1E= 2; t = 2 ............................................... (t3)

Yo Yo 

for selected values of a. They are obtained from Eqs. 8-12 and are de­
fined when the current is not zero. 

The mean and the variance of X1(t) can be obtained approximately 
from linearized expressions of the drag force. For positive values of y0 , 

-

Coefficient a= 0.1 a= 0.3 a= 0.5 a= 1.0 a= 2.0 
(1) (2) (3) (4) (5) (6) 

~ 1.01 1.07082 1.10741 1.5250 2.7902 
t 0.200499 0.625344 1.1018 2.5035 6.5858 

2a 0.20 0.60 1.00 2.00 4.00 

TABLE 1.-Mean and Variance Coefficient• of Drag Forces
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vi(x) =...!_<Ty exp{-! [sgn (x) yfxj - Yo]2} ..................... (14) 

21T <Ty 2 <Ty 

_ { 1 [sgn <E + ti) YIE + til - 1]
2

}or v1(x) = v0 exp - a . . . . . . . . . . . . . (15)2 

. . 1 <Ty \J-p\,(O)

tn which v0 = - - = ................................ (16)


21T <Ty 21T 

iooooo------------~ 

.,,. 
'.­

1000 

IOO 

IO 

t!o~ }_ I 

one such expression is y3 + 2y0Y(t). It approximates the tnean and the 
variance of the drag force by ya and 4cr;y0 = 4a2ya. The corresponding 
dimensionless coefficients in Eq. 13 can then be approximated by ~ = 
1.0 and t = 2a. From Table 1, the approach provides satisfactory second­
moment descriptors for Xi(t) when a s: 0.5. 

Mean Crossing Rates.-The mean upcrossing rate of level x of X1(t), 
vi(x), can be obtained simply from developments in Appendix I related 
to nonlinear transformation of Gaussian processes. From Eq. 43 in this 
appendix and the observation that there is a one-to-one correspondence 
between drag forces and flow velocities, one finds 

The standardized threshold, i, gives the number of standard deviation, 
<Ti, from m1 to x and can be determined from 

x = mi + cr1i = yij(E + ti) ...................................... (17) 


Let vf(x) be the mean upcrossing rate of level x of the drag force under 
the Gaussian hypothesis. According to this hypothesis, X1(t) is a Gaus­
sian process. The corresponding mean upcrossing rate function has the 
expression (8,11) 

G _ _ 1 Ui ( 1 _2)
vi (x) - 1T <Ti exp -2 x ...................................... (18)


2 

in which 0-1 = the standard deviation of Xi(t) = dX1(t)/dt. From Eq. 4, 
the time-derivative of the drag force process is 

X1(t) = 2Jyo + Y(t)I Y(t) ......................................... (19) 


for all values o( y0 and Y(t). Since Y(t) and Y(t) are independent at any 
t, the process Xi(t) has the mean zero and variance 

2&~ = 4<T}y~(l + a ) •••••••••••••••••••••••••••••••••••••••••••• (20) 

The mean upcrossing rate in Eq. 18 can also be given in the form (Eqs. 
13 and 20) 

vf(i) = v/a~exp(-~ i 2
) .............................. (21) 


The ratio between the exact and the approximate mean upcrossing 
rates, vi and vf in Eqs. 15 and 21, has the expression 
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FIG. 1.-Ratlo of Exact to Approximate Mean Upcrosslng Rates of Drag Force 

2 
V1(i) ~~expt { --1[(\!f+Tx -1)2 

-] } ............. (22)
c;-:- = + x 
vi(x) 2a V 1 + a2 2 a 

for positive values of i. Fig. 1 shows the variation of the ratio vi/vf in 
Eq. 22 with the standardized threshold, i, for several values of a. Note 
that the Gaussian hypothesis results in unconservative approximations 
of the mean upcrossing rate. The degree of unconservatism increases 
with the threshold and the value of a (larger values of a correspond to 
sma11er currents). For example, vi/vf is approximately 6.4 and 100 at i 
= 4.0 when a = 0.1 and 0.5, respectively. Note also that the ratio vi/vf 
is nearly independent of a and approximately equal to its value for a = 
oo (zero current) when a exceeds 0.5. Values of a in excess of 0.5 are 
common in design. 

Largest Value Distribution.-It is genera11y convenient to develop for 
design purposes other descriptors of the peak wave forces, in addition 
to the mean upcrossing rate. Let X1,T be the maximum drag force during 
a storm of duration T and denote by 

- Xi,T - m1Xi,T = ................................................ (23) 

0"1 

The cumulative distribution function of X1,T at x can be determined from 
the probability that the drag force is smaller than x at t = 0, i.e., X1(0) 
s: x, and the number of upcrossings of threshold x of X1(t) during [O, T), 
NT(x), is zero. This probability can be determined simply if it is assumed 
that the variables X1(0) and NT(x) are independent and the upcrossings 
of level x on X1(t) fo11ow a Poisson process. The assumptions are sat­
isfactory for relatively high thresholds_(8,15) and provide the following 
expression for the distribution ft,T of XJ.T 

f1.li') = f 1 0T) 

This function depends on 8(i) = v1(i)/v0 with v1(i) in Eq. 15 and the 

(i) exp [-(v 8(i)] ................................... (24) 
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FIG. 2.-Exact and Approximate Probablllty Density Functions of Peak Dreg Force 

marginal distribution of X1(t) = (X1(t) - m1)/cr1 which has the form 

Fi(f) = <II(sgn CE + tf ~ - 25) 1) . . . . . . . . . . . . . . . . . . . . . . . . . . . . (
in which <II = the cumulative distribution function of the standard Gaus­
sian variable. The density of X1,T, ft,T, can be obtained by differentiating 
Eq. 24 

f1Af) = 8(£) exp [-(voT) 8(x)]{ ~ , 
2a 2'1l'IE + txl 

+ (voT) t sgn CE + tf) ~ - 1 F1(i)} ......................... (26) 
2a2 YIE + ti I 

Similar considerations can be applied when Gaussian drag forces are 
postulated. In this case, the density frT, of X1,T has the expression 

2 

G _ [ 1 _ ] { f -f2/2}
ftAf) - y'2; + (voT) f<ll(x) exp -2 - (v0T) e ............. (27) 


Fig. 2 shows the densities f1,. and ff.T with solid and dotted lines for v0T 

= 200, 4,000, and 40,000. They are referred to as exact and Gaussian 
results. Note that the Gaussian hypothesis underestimates in the aver­
age the peak response. 

The densities in Eqs. 26-27 were used to determine by numerical in­
tegration the mean, the standard deviation, the coefficient of skewness, 
and the coefficient of kurtosis of the peak drag force. Fig. 3 shows the 
variation of these moments with v0T for a = 0.5. Similar results were 
found for other values of a. The means and the standard deviations 
plotted in this figure are divided y~ . Note that the Gaussian hypothesis 
yields approximations which underestimate significantly the mean and 
the standard deviation of the peak wave force. For example, the exact 
values of the mean, the standard deviation, the coefficient of skewness, 
and the coefficient of kurtosis are 10.4 yL 0.86 yL 1.06, and 5.05 for a 
= 0.5 and v0T = 10,000. These moments are approximated by 6.0 y~, 
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0.26 y~, 0.88, and 4.38 when the Gaussian hypothesis is applied. The 
use of this hypothesis in analysis is likely to result in unconservative 
designs. 

Asymptotic approximations (as v0T - oo) can be developed for the mean 
and variance of the peak drag force process when this process is as­
sumed to be Gaussian. They are (2) 

(v

The approximate means and variances in these equations coincide prac­
tically with corresponding parameters in Fig. 3, which were obtained by 
numerical integration. 

DRAG AND INERTIA FORCES 

The general wave force in Eqs. 3-5 is examined in this section. Note 
that the drag and the inertia forces, X1(t) and X2(t), are independent at 
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v*(f) 1 -~22_+_~_2- v**(f) ex (1 -2)
4(1 + a 2) + &2 P 2r · · · · · · ......... (41)


vG(f) = Y27T a~ 
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any time I because Y(t) and Y(t) are uncorrelated Gaussian processes. 
From Eqs. 3, 13, and 20, the mean and the variance of R(t) are 

mR = ~y~ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (30) 

oi = (t2+1!2)y~ ..•........•........................ : .......... (31) 


while the variance of the time-derivative of the wave force has the 
expression 

u~ = [4(1 + a2) + B2] uh~ ...................................... (32) 


These equations are valid when the current is not zero. When there is 
no current, mR = 0, u~ = 3u~ + a}, and u~ = 4u}u~ + a2 ut. The 
parameter ~ in Eq. 3"1 quantifies the importance of inertia force with 
respect to drag forces associated with the current and is equal to 

auy a
!! = - 2 =aY-p}-(o)- ........................................ (33) 


Yo Yo 
Bis a derived parameter that has the following expression 

. u }-a I! VPf(o}
B=- =- .......................................... (34)


urYo a -p)'..(O) 

From Eqs. 33-34, I! and B depend on the correlation structure or, 
equivalently, the power spectral density of Y(t). This dependence is ex­
amined in Table 2 for monochromatic, narrow-band, and wide-band wave 
particle velocities, Y(t), for the case in which a~ = 1.0. Results show 
that the ratio u}-/a} depends weakly on the shape of the power spectral 
density of Y(t). Thus, &is primarily a function of the relative importance 
of inertia and drag forces, i.e., the ratio a/y0 • The parameters, a, p, and 
& can be determined simply from the ratio, a, between the inertia and 
drag coefficients, the current y0 , and the spectral characteristics of flow 
velocity. 

TABLE 2.-Spectral Characteristics of Wave Particle Veloclty 

One-sided spectral 
density of Y(t) 2 

Uy 
2 

Uy 

Uy ~(0)
2=--­
Uy -py(O) 

(1) (2) (3) (4) 

Gr(w) = { 
J.0, W = Wo 

0.0, otherwise 
2 

Wo (J)~ 1.0 

{ 
2., 0 s (J) s w, 
w, 

0,w>w, 
Gr(w) = 

w: 
3 

w,• 
5 

3 vs= 1.3416 

Gr(w{) 1 
---,w,:sw~wb 
(wb - w,) b(J)23 (p2 + p + 1) 

b •100•5 (p + p3 + p2 
3 y'p' + p3 + p2 + p + l 

vs p 2 + p + l 
w. 

· 0,0, otherwise p = - + p + l) t.o s ur/"~ s 3/v'S 
Wb 
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Mean Crossing Rates.-The mean upcrossing rate of level r of R(t), • 
v(r), can be determined exactly from the mean rate at which the vector 
process {X1(t),X2(t)} leaves the two-dimensional domain {(x1 ,x2): x1 + x2 

:S r} (3,16). For simplicity, v is approximated in this section from the 
point-crossing formula. According to this formula, v can be approxi­
mated by (6,17) 

v*(r) = f_
00

J2(x2 ) v1(r - x2 ) dx2 + [~ f1(x1 ) v2(r - x,) dx, ............. (35) 


in which f; and vi denote the marginal density and the mean upcrossing 
rate functions of Xi(t). The point-crossing formula has been applied suc­
cessfully to the analysis of the combined effect of structural loads. 

The marginal density and the mean upcrossing rate functions of X1(t), 
the drag force, are given in Eqs. 7 and 14. The corresponding functions 
of X2(t), the inertia force, can be determined simply because this process 
is Gaussian: 

2

fi<TJ) = exp{-! ••••••••••••••••••••••••••••••• (36)
27T a ur 2 auy 

2 

and v2('TJ) = -1 -O'y exp { --1 [ - TJ ] } ............................ (37)

27T O'y 2 aay 


vd [~] } 

From Eq. 35, the mean upcrossing rate v(r) can be approximated by 

1 
v*(f) = v0 p v**(f) . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . (38) 

in which f = (r - mR)fuR with mR and uR in Eqs. 30-31 and 

I,. { [ 1((u)2 

(sgn (f- u) ~ -1)2

)]v**(r) = exp -- - + 
· _,. 2 p a 

1 u - l f - sgn (u) u2 

+ &exp 
[ 

p ) ) ]} du ................ (39)
-2 ((-a)2 

+ ( 
- 2 

Th 

and f = r/y~ = t + rv'f+ri2. 
The mean upcrossing rate of the wave force, when assumed to be a 


Gaussian process, can still be determined from Eq. 18, in which uR and 

O"Jl are given by Eqs. 31 and 32. It has the expression 


4(1 ~ :2~: B2 exp(-~ r2) ........................ (40)
vG(f) = v0a 

and involves only second-moment characteristics of the response and its 
time-derivative. 

From Eqs. 38-40, the ratio between the mean upcrossing rates v* and 
VG is 
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~ 

This result is applied to evaluate the Gaussian hypothesis although it 
involves approximations. However, the experience with the point-cross­
ing formula (6,17) shows that errors associated with this formula are 
much smaller than those due to the Gaussian assumption (Fig. 1). Thus, 
it is considered that Eq. 41 provides a satisfactory base for the evaluation 
of the Gaussian hypothesis when both drag and inertia forces act si­
multaneously. . 

Fig. 4 shows the variation of v* Ive in Eq. 41 with f for <Ty/CT} = 1.0 
(i.e., monochromatic excitation), er = 0.5 and selected values of 13. The 
ratio v* /ve increases with the threshold but decreases with 13. For small 
values of 13 drag forces are dominant and, as expected, v* /ve and vi/vf 
in Fig. 1 are nearly equal. When inertia forces are significant 13 is large 
and the response follows approximately a Gaussian distribution. In this 
case, the Gaussian hypothesis is satisfactory (v* Ive = 1.0). Similar re­
sults have been found for other types of excitations, e.g., the narrow­
and wide-band processes in Table 2. 

The mean crossing rate functions developed in this section can be ap­
plied as in Eqs. 26-27 to determine probabilistic characteristics of the 
peak wave force during storms. However, such developments are not 
presented in this paper. 

CONCLUSIONS 

Exact and approximate descriptors were determined for the Morison­
type wave forces and their peaks during design storms. The approxi­
mations were based on the hypothesis that wave forces follow Gaussian 
distributions. It was assumed that the wave particle velocity can be mod­
eled by a Gaussian process. 

Results show that the Gaussian hypothesis, which is characteristic to 
the statistical linearization method, yields unsatisfactory descriptors for 
the peak wave force. Both the mean and the variance of this variable 
are generally underestimated. The Gaussian hypothesis is acceptable only 
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when inertia forces are dominant because, in this special case, the wave, 
force is approximately a Gaussian process . 
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APPENDIX 1.-CROSSINOS OF NONLINEAR TRANSFORMATIONS 

OF GAUSSIAN PROCESSES 

Consider the random process 

X(t) = g(Y*(t)) ................................................ (42) 


in which, g =a nonlinear transformation; and Y*(t) =a stationary Gaus­
sian process with mean Yo and variance CT~. It is assumed that Y*(t) is 
differentiable and the variance of dY*(t)/dt is equal to CT~. The transfor­
mation g cannot generally be inverted over its entire domain of defini­
tion. However, it can be inverted over its intervals of monotony, D;. In 
this intervals, g = g; is a monotonic function that takes on values in the 
range (a; ,b;). Fig. 5 shows this situation. 

It can be shown (5) that the mean upcrossing rate of level x of X(t), 
vx(x), can be obtained from the following equation: 

vx(x) = L u;(x) vy(g;-1(x)) ...................................... (43) 


in which, u;(x) = 1 for x in (a;, b;) and is zero for arguments x outside 
this range. The function vy(g ; 1(x)) denotes the mean upcrossing rate of 
level g; 1 (x) of Y*(t) and has the expression 

-1 1 CTy [ 1(g;-t(x) - Yo)2]
vy(g; (x)) = - - exp - - ....................... (44)


211" CTy 2 · C1y 

From Fig. 5, X(t) upcrosses a threshold x when Y*(t) upcrosses any 
of the levels g;-1(x). Thus, the number of upcrossings of level x of X(t) 
during any period is equal to the total number of upcrossings of Y*(t) 
with respect to the levels g j 1(x), for all values of i, over the same period. 
This observation can be used to write directly the result in Eq. 43. 

••v<rl 
bil , ' ,_ 

0,1 ,~ 

vj'<., 
'----' 
lnttfvol of Monotony. 01 

FIG. 5.-Nonllnear Transformation of Gausalan Processes 
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