Reprinted from

MECI"I’II\:NICS
MATERIALS

AN INTERNATIONAL JOURNAL

Mechanics of Materials 22 (1996) 5i-64

Number of grains required to homogenize elastic properties of
polycrystalline ice
Alex A. Elvin

Massachusetts Institute of Technology, Department of Civil and Environmental Engineering, Room 5-330A, Cambridge, MA 02139, USA

Received 15 March 1995; revised version received 21 August 1995




)56 B3

MECHANICS OF MATERIALS

EDITORS
Editor-in-Chief Co-Editor
S. NEMAT-NASSER JOHANNES WEERTMAN

. Department of Applied Mechanics
and Engineering Sciences, 0411
University of California, San Diego
9500 Gilman Drive
La Jolla, CA 92093-0411, USA

Board of editors

R.J. ASAROQ, La Jolla, CA, USA

A.G. EVANS, Santa Barbara, CA, USA
G. GUDEHUS, Karlsruhe, Germany

Z. HASHIN, Tel-Aviv, Isracl

K.S. HAVNER, Raleigh, NC, USA
JW. HUTCHINSON, Cambridge, MA, USA
K. ISHIHARA, Tokyo, Japan

B.L. KARIHALOO, Sydney, Australia
T.5. KE Beijing {Peking), China

E. KRAMER, Ithaca, NY, USA

Z. MROZ, Warsaw, Poland

T. MURA, Evanston, IL, USA

Northwestern University
Robert R. McCormick School of

Engineering and Applied Sciences
Department of Materials Science & Engineering
Materials and Life Sciences Building
2225 N. Campus Brive
Evanston, IL 60208-3108, USA

A. NUR, Stanford, CA, USA

J.-P. POIRIER, Paris, France

ER. RICE, Cambridge, MA, USA
R.O. RITCHIE, Berkeley, CA, USA
F. ROSE, Melbourne, Australia

R.F. SCOTT, Pasadena, CA, USA

V. TVERGAARD, Lyngby, Denmark
A. VERRUIIT, Deilft, The Netherlands
J.B. WALSH, Cambridge, MA, USA
JL.R. WILLIS, Bath, UK

B. WILSHIRE, Swansea, UK

I. ZARKA, Palaiseau, France

Aims and Scope

Mechanics of Materials provides a forum for original scientific
research on the flow, fracture, and general constitutive behavior of
geophysical, geotechnical and technological materials, with bai-
anced coverage of theoretical, experimental, and field investiga-
tiens, Of special concemn are macroscopic predictions based on
microscopic models, identification of microscopic structures from
limited overall macroscopic date, experimental and field results
that lead to fundamental understanding of the behavior of materi-
als, and coordinated experimental and analytical investigations that
culminate in theories with predictive quality. The Journal pub-
lishes criginal contributions oz the thermemechanical behavior of
technological materials such as metals, polymers, ceramics, wood,
and others, geotechnical materials such as rock ans soil, and on all
thermomechanical processes pertaining to solid earth geophysics.

Abstracted/indexed in:
Applied Mechanics Review; Current Contents: Engineering,
Technology & Applied Sciences; EI Compendex Plus;

Engincering Index; Geotechnical Abstracts; Health & Safety
Science Abstracts; INSPEC; Metals Abstracts; Risk Abstracts.

Subscription Information 1996

For 1996 three volumes (22-24) are scheduled for publication,
Back volumes and subscription prices are available on request.
Subscriptions are accepted on a prepaid basis only and are entered
on a calendar year basis. Issues are sent by SAL (Surface Air
Lifted) mail whercver this service is available. Airmail rates are
available upon request. Please address all enquiries regarding
orders and subscriptions to:

Elsevier Science BV,

Order Fulfilment Department

P.O. Box 211, 1000 AE Amsterdam

The Netheriands

Tel.: + 31 20 4853642, Fax: +31 20 4853598

Claims for issues not received should be made within six months
of our publication {mailing) date.

US mailing notice - Mechanics of Materials (JSSN 0167-6636) is published monthly by Elsevier Science B.V., P.O. Box 211, 1000 AE
Amsterdam, The Netherlands. Annual subscription price in the USA is US$ 876.00 (valid in North, Central and South America only}, includ-
ing air speed delivery. Second class postage rate paid at Jamaica, NY §1431.

USA POSTMASTERS: Send address changes to Mechanics of Materials, Publications Expediting, Inc., 200 Meacham Avenue, Elmont,

NY 11003,

AIRFREIGHT AND MAILING in the USA by Publications Expediting, Inc., 200 Meacham Avenue, Elmont, NY 11003,

The paper used in this publication meets the requirements of ANSENISO 239.48-1992 (Permanence of Paper).

" .

IE

Printed in The Netherlands




MECI;%NICS
MATERIALS

Mechanics of Materials 22 (1996} 51-64

Number of grains required to homogenize elastic properties of
polycrystalline ice
Alex A. Elvin

Massachuseunts Institute of Technology, Department of Civil and Environmental Engineering, Room 5-330A, Cambridge, MA 02139, USA
Received 15 March 1993, revised version received 21 August 1995

Abstract

The number of grains required for homogeneous elastic behavior of polycrystalline $2 is determined in this paper. The
two extreme cases of (i) no grain boundary slip and (ii) free grain boundary sliding are examined. Detailed finite element
simulations of uniaxial loading of specimens containing polygonal grains are performed. The results show that at least 230
grains are required to homogenize the elastic properties. The effect of the grain’s elastic anisotropy on the homogenized
propetties is more important when no grain boundary sliding is allowed; grain shape is more important when grain boundary
sliding is permitted. The stress components at the grain centers approximately follow the Gaussian distribution. The average
computed homogenized Young's modulus and Poisson ratio at —16°C are: 9.58 GPa and 0.33 with no grain boundary
sliding; 7.83 GPa and 0.45 with free grain boundary sliding.

Keywords: Representative area element; Polycrystalline ice; Homogenized elastic properties; Heterogeneous ensemble of anisotropic grains

1. Introduction

The homogeneous elastic properties of materials
form an integral part of most constitutive theories, and
are required in the solution of boundary value prob-
lems. In polycrystalline aggregates, crystallographic
axes of neighboring grains are seldom aligned in the
same direction. Hence there is a mismatch in elastic
properties between neighboring grains in the global
axes frame. Theoretical estimates of the elastic con-
stants for polycrystals may be derived from the elas-
tic properties of the constituent monocrystals. The
theoretical elastic moduli for polycrystalline ice have
been calculated by Michel (1978), Sinha (1989a),
and Nanthikesan and Shyam Sunder (1994). These
authors used one or more averaging assumptions of
Voigt (1910) and Reuss (1929).

The method of Voigt (1910) assumes that all the
grains undergo an uniform strain and thus an uniform
stress. Thus on the scale of the grain, equilibrium is
violated. The method of Reuss (1929), on the other
hand, assumes a constant state of stress in all the
grains. Thus, although equilibrium is preserved, adja-
cent grains may have different deformations leading to
local violation of compatibility. Hill {1952) showed
that the Voigt and Reuss { V-R) methods provide the
upper and lower bounds of the elastic stiffness mod-
uli. Other homogenization methods exist to calculate
the effective moduli of polycrystals, Among these, for
example, are the self-consistent and differential meth-
ods and the Hashin-Shtrikman bounds; the references
for, and details of these and other methods are pre-
sented in Nemat-Nasser and Hori (1993). However,
the work of Nanthikesan and Shyam Sunder (1994)
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shows that the maximum discrepancy between the V-
R bounds on the elastic moduli of columnar grained
polycrystalline ice is only 4.2%. These authors con-
clude that the V-R bounds for polycrystalline ice are
so close to each other and to experimental values, that
either bound, or an average, can be used as the ho-
mogenized elastic moduli.

The fundamental assumptions behind the spatial av-
eraging V-R methods is that the polycrystal contains
a sufficient number of grains such that a continuous
distribution of grain orientations exists. In reality, the
number of grains in a polycrystal is finite. The aim
of this paper is to quantify how many grains are re-
quired to ensure an elastically homogeneous response
of polycrystalline ice. This number of grains speci-
fies the size of the representative efement. Two ex-
treme idealized cases are considered: (1) neighboring
grains are perfectly bonded to each other, i.e., no rel-
ative slip between the grains, and (ii) no shear stress
transfer between neighboring grains, i.e., free grain
boundary slip. Relative displacement between grains
might be due to viscous effects, and/or due to a com-
pliant grain boundary zone. The idealized case of no
grain boundary slip approximates short duration, high
loading rate, or high frequency tests. In both idealized
cases the grains are assumed to remain elastic,

In this paper fresh water, columnar grained ice is
considered. The c-axes of the individual crystals lie
in the horizontal plane (the plane of the ice cover)
and are randomly distributed. Hence the ice cover is
transversely isotropic. This type of ice is found on
lakes, and rivers with low flow velocities. Michel and
Ramseier (1971) classified this ice type as $2. The
nature of 52 ice allows for planar modeling of the
polycrystalline aggregate. The behavior of ice can be
ductile or brittle depending on the loading rate and
temperature. The polycrystal deformation in the brittle
regime, as well as the peak stresses at the high end of
the ductile regime occurs at small strain (<X 1%).

In the present study, detailed finite element simu-
lations of uniaxial loading of polycrystalline samples
of various sizes are conducted. The grain geometry
is modeled by modified Voronoi polygons (see Sec-
tion 2.1}. The grain’s elastic anisotropy is specified in
Section 2.2. The finite element model for the ensemble
of grains is set up, and the homogenized elastic prop-
erties are defined in Sections 2.3 and 2.4, respectively.
The experimental data on ice single crystal stiffness

moduli used in the simulations is reported in Section 3.
The results from the simulations of; (i) variation of
homogenized elastic properties with number of grains,
and (ii) the statistical distribution of residual stresses
within the grains, are presented and discussed in Sec-
tion 4.

2. The numerical model

The polycrystalline sample is idealized as an het-
erogenecus ensemble of randomly oriented, elasticaily
anisotropic grains of random shape but approximately
equal area. The two limits of (i) no grain boundary
sliding and (11) free grain boundary sliding are inves-
tigated. The primary aim in this study is to determine
how many grains are required to ensure that the en-
tire sample behaves isotropically. To this end, simu-
lations of uniaxial loading of samples containing var-
ious numbers of grains are performed, and homoge-
nized elastic properties are computed. This section de-
scribes how the grain geometry and elastic properties
are set up, the computational model, and the method
of homogenization.

2.1. Modeling the grain geometry

A cross section taken through columnar grained 52
ice perpendicular to the column axes, reveals graing
that are approximately polygonal in shape and equal
in area (see Sinha (1989b) for a typical section).
The polygons are not regular and the number of facets
varies from grain to grain. In the past, the grain ge-
ometry has been modeled effectively by Voronoi tes-
sellation {sometimes refered to as Theissen or Dirich-
let polygons), see for example Frost and Thompson
(1987) who considered different conditions of grain
nucleation and growth. In this paper the grains are rep-
resented by modified Voronoi polygons. The details
and the motivation for the method by which grain ge-
ometry is constructed follows.

Standard Voronoi tessellation begins from a set of
nucleation points, p. Next an unique triangulation grid
involving the p points is constructed by Delaunay tri-
angulation. Perpendicular bisectors of each side of the
triangles are found. The intersections of the perpen-
dicular bisectors form the vertices of the Voronoi poly-
gons. One property of Voronoi polygons is that a point
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Iying anywhere within polygon P; is closer to its nu-
cleation point p; then to any other nucleation point.

Since the grains in a section of $2 ice all have ap-
proximately the same area (see e.g., Sinha, 1989b) the
nucleation points, p, cannot be distributed completely
randomly on the plain. Instead, the points have to be
constrained to lie a minimum distance apart, say 27;
this requirement is met by placing rigid disks of diam-
eter 2r randomly on the plain with no overlap, until
no more will fit. This results in the polygons/grains
having approximately the same area. This process still
leads to facet lengths, [;, which are very short com-
pared to the distance from the nucleation point to the
polygon vertex, Ve;, i.e., Ve; 3 [;. These short facets
result in numerical inaccuracies when solving for the
stresses and strains within the grains. To obviate these
difficulties the facets with [;/Ve; < 0.3 are lengthened.
The vertices on either end of the short facet are shifted
to:

NEW QLD _*¢ i
V. =V; it e (] — — 1
I/ J E/E_,j 0.3 C;( i’éi 03) ’ ( )

where V; is the coordinate of vertex j (j = 1,2),
and ¢; is the centroid coordinate of the corresponding
triangle.

The specification of a sample size creates grain sliv-
ers on the boundaries as well as facets with I;/Ve; <
0.3; both lead to numerical difficulties. The short facets
are removed by shifting the polygon vertices perpen-
dicularly to the boundary. The grain slivers with nu-
cleation points lying outside a strip of width 2r/2.5,
which surrounds the sample, are removed; the vertices
of the neighboring polygons are moved perpendicu-
larly to the boundary. Finally, the nucleation points of
the polygons lying on the boundary are shifted to the
polygons’ geometric centers.

In all subsequent simulations 2r is set to 1 mmn;
thus approximately defining the average grain size,
The area is defined only approximately due to the ran-
domness in creating the grain geometry. Fig. 1a shows
a 20 x 20 mm? sample with a typical grain geome-
try generated by the above process. The correspond-
ing histogram of the grain areas is shown in Fig. 2a.
The average grain area is 1.31 mm?. As to be expected
most grain areas cluster around the mean. The few
grains which are slightly larger and slightly smaller
are those found on the boundary. Their area differs

TYPICAL GRAIN

Fig. 1. (a) Typical grain geometry in a 20 x 20 mm? sample of
305 grains; (b) Typical grain with orientation ¢£.

from the mean due to the treatment of border grains
described above.

2.2, The grain elastic properties

Each grain in the polycrystalline aggregate is de-
fined by its crystal orientation, here specified by the
c-axis. The distribution of the c-axes in a macroscop-
ically homogeneous and isotropic material is random.
In the case of transversely isotropic 52 ice, the ¢-axes
are randoraly distributed in the plane of isotropy. The
dynamic elastic stiffness tensor C;’D can be taken as
constant for all the grains.

Since the overall macro-response of polycrys-
talline $2 ice is transversely isotropic with the plane
of isotropy being the plane of interest, the three-
dimensional C;D can be reduced to plane conditions.
Plane stress conditions are assumed since the ice
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Fig. 2. Typical histograms for a 20 x 20 mm? sample of: (a) Grain
area; (b) Grain orientation

plate thickness is much smaller than the in-plane
x] — x7 dimensions. This assumption medifies the
single grain orthotropic stiffness tensor components
C3P ; as follows:

c D P s CSD 31
o 11 = n— "3
3 co s
3]
C e CP1iz CPy
e 12 = - =y
g o
CP a3 CED 31

Con =CP o —
3 g co 4,

D 3
CP oy CPay
C3P 33

Cy 13 =Cg3D 33. (2)

3D
Con=C n-

In order to obtain the macroscopic behavior of the
polycrystal, the components of €, have to be deter-
mined in the global axes system. The components of
C, are usually specified in the axes system associ-
ated with the crystal lattice. The stiffness components
in the global axes systemn are given by the standard
fourth rank tensor transformation. In two dimensions
this transformation can be expressed as:

C; = R'C,R, (3)

where Cg contains the components of the grain stiff-
ness in the global axes system, T is the transpose op-
eration, and the transformation tensor R is given by:

cos? () sin?(¢) % sin(2¢)
R=1{ sin’({) cos’(¢) —Lsin(2) | . (&)
—sin(2¢)  sin(24) cos(24)

The orientation of the grain is defined solely by £, the
angle between the c-axis and the global x, direction
(see Fig. 1b}.

As indicated above, the c-axes are distributed uni-
formly in the x; — x; plane. Hence, in the numerical
simulations each grain in the aggregate is associated
with an orientation { which is chosen randomly from
the range 0° < ¢ < 180°. A typical histogram of
uniformly distributed £ is shown in Fig. 2b; this fig-
ure corresponds to the 20 x 20 mm? sample shown in
Fig. 1a. Fig. 3 shows the grain geometries as well as
the spatial distribution of ¢ for various specimen sizes;
notice the close resemblance with experimental obser-
vation of grain geometry reported in Sinha (1989b).

2.3. Computational model

The stress, strain and displacement fields in the het-
erogeneous assembly of graing are solved using the
finite element method. Each grain is discretized into
as many six-noded plane stress elements as there are
facets in the grain. Fig. 4a shows a grain assembly and
the corresponding discretization; a typical discretized
grain is shown separately in Fig. 4b. Note that the
elements do not straddle the grain boundaries. The
anisotropic elastic material properties of each element
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Fig. 3. Typical grain geometrics and spatial distributions of grain orientation, £, for specimen size of: (a) 20 x 20 mm?, (b) 10 x 10 mm?,

and (¢} 5 % 5 mm2

are assigned according to the grain orientation { and
Egs. (3) and (4).

The two limits of (i) no grain boundary sliding,
and (ii) free grain boundary sliding are modeled
as Tollows. In the coordinate axes of the grain facet
x} — x (see Fig. 1b) constrain the displacement
components, &

For no grain boundary sliding:
wt=u" and wyt=uy.
For free grain boundary sliding:
AT (5)

where the + and — refer to two points lying infinites-
imally close to, but on either side of, the grain bound-

5 - — T T
Al 6 NODE ELEMENTS
3 i
1
2K+ Al
TYPICAL GRAIN

+F
0 L

0 1 2 3 4 5

Fig. 4. (a) Typical grain assembly and the finite element dis-
cretization: (b} Detail of discretization of a typical grain,




56 AA. Elvin / Mechanics of Materials 22 (1996) 51-64

{a) TRIANG. ELEMENTS {b) QUAD. ELEMENTS

Fig. 5. Discretization of a typical grain with: (a) Triangular ele-
ments; (b) Quadrilateral elements.

ary. These constraints on the displacements are en-
forced by the penalty method.

To verify the fineness of the discretization the num-
ber of nodes is varied by changing the type and or-
der of the elements: four- and eight-node quadrilat-
eral elements, and three- and six-node triangular ele-
ments are considered, Discretizations of a typical grain
with quadrilateral and triangular elements are shown
in Fig. 5(a) and {b) respectively. The global conver-
gence of the finite element discretization is quantified
by the total strain energy, £, of the aggregate:

1
£=%fa-£d.0=5/P-udF, (6)
o T

where o and € are the stresses and strains, £2 is the to-
tal volume of the sample, P and # are tractions and dis-
placements on the boundary I'. In a typical case, with
no grain boundary sliding, by increasing the number of
nodes from 1167 (triangular three-node elements) to
5131 (eight-node quadrilaterals) decreases £ by only
0.4%.' When grain boundary sliding is allowed, £
varies as follows: 67.3, 61.4, 57.8, and 55.6 for 1167,
2158, 3149, and 5131 nodes, respectively. The varia-
tionin £ by discretizing with six- versus eight-node el-
ements is 4%. Thus using six-noded elements is more
then acceptable when no grain boundary sliding is al-
lowed and is satisfactory when grain boundary slid-
ing is permitted. Note that the adopted discretization
does not capture all the details in the stress field vari-
ation close to the grain triple points. However, since
this paper is concerned with homogenized polycrystal
behavior and since the zones of high stress variation
are small, they have little effect on the sought solution
and will be ignored.

! This particular specimen contains 176 grains; the sample size
is 15 x 15 mm?.

2.4, Homogenized elastic constanis

The overall planar response of polycrystalline 52
ice with a sufficient number of grains is isotropic.
This material symmetry is fully characterized by
two homogenized elastic constants: the homogenized
Young's modulus, E, and the homogenized Poisson
ratio, #. These parameters are determined from nu-
merical simulations of a polycrystal sample subjected
to uniaxial loading as follows.

Consider a rectangular, multi grain sample of width
w and height % (see Fig. 1). The sample boundary
x2 = 0 is prevented from displacing; u; = 0. To
ensure numerical stability one node on this bound-
ary is also pinned. This allows unconstrained expan-
sion/contraction in the x; direction on xo = 0. The
sample is loaded uniaxially by applying an uniform
displacement, 4 all along the boundary x; = k.

The homogenized isotropic elastic constants are de-
fined as:

E=2% and p=-21, (7)
13

where the average quantities are:
Average normal strain components in x; and x; di-
rections:

B
U fuzm =w,x2) —wi(x =0,x2)
€1 = — de
w h

)

|
W

W
b fwlx,x=h) —uw(x,x=0) d
62=z X
)

(8)

Average normal stress component in x; direction:

wt

iz:f%dM:ZM’ (9)
0

where T; is the traction component in the x; direction.
Note that 35 is most easily obtained from the finite
element solution by summing all the nodal reaction
components Rx(x» = k) on the boundary x; = 1 and
dividing by the sample width w and thickness .
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3. Material properties

The values for the dynamic elastic moduli of ice
single crystals are reported in the literature. The data
of Dantl (1969) and Gammon et al. (1983) are the
most comprehensive and accurate available to date.
The maximum difference between the elastic stiffness
components of these two data sets is 5.45 % at —16°C,
The reported uncertainty in the stiffness data of Gam-
mon et al. (1983) is less than in Dantl (1969): the
maximum uncertainty is 3:0.46% in the data of Gam-
mon et al. (1983) and +7% in the data of Dantl
(1969). Further, as pointed out by Nanthikesan and
Shyam Sunder (1994) the stiffness and compliance
data of Gammon et al, (1983) satisfies the inverse
relationship, while the data of Dantl (1969) does not.
Although using the stiffness data from either reference
will have little effect on the present results, in view of
the above, the data of Gammon et al. (1983) are used
in the simulations.

The dynamic elastic stiffness of a single ice crystal,
measured using Brillouin spectroscopy at —16°C 1s
reported in Gammon et al. (1983):

CP({=0°) =
15610 5765 5765
13,926  7.082 0
[3.929
3.4235
sym. 3.014
3.014
GPa, (10)

where in the grain’s axes system, x; —x; is the isotropy
plane in the transversely isotropic crystal; the c-axis
lies in the x; direction ( = 0°}. The above elastic
constants are mildly temperature dependent. The fol-
lowing empirical relationship for the stiffness at tem-
perature T is presented in Gammon et al. (1983):

(1 -1.418 x 107°T)
(1 —1.418 x 10-3Tee) *

C2(T) = CJP(Ter) (11)

where T, is the temperature at which CﬁD is known
{Ter = —16°C), and all temperatures are measured in
degrees Celsius. Eg. (11) shows that between 0°C and
—20°C the variation in dynamic stiffness of a single
crystal is practically negligible.

Reducing the single crystal stiffness, Eq. (10}, to
plane stress conditions by using Eq. (2), with o33 =0
and x; — x2 being the plane of interest, the following
is obtained:

Ce(¢=0°%)
12.624 2.832 0
=| 2832 10328 0 | GPa. (12)
0 0  3.014

In all subsequent simulations these stiffness moduli
are used.

4. Results and discussion of numerical simulations

4.1. Number of grains required to homogenize
elastic properties

This section presents and discusses the results from
simulations of uniaxial loading of polycrystalline ice
specimens, Both limits of (i) no grain boundary slid-
ing, and (ii) free grain boundary sliding are investi-
gated. Only square samples (2 = w in Fig. 1a) are an-
alyzed. The following seven specimen sizes, k x h, are
considered: 5 x 5 mm?, 7.5 x 7.5 mm?, 10 x 10 mm?2,
12.5x 12.5mm?, 15 x 15 mm?2, 17.5 x 17.5mm?, and
20 x 20 mm?®. Three typical specimens, all different
in size, are shown in Fig. 3.

By choosing different seeds for the random number
generator, different grain geometries are created for
the same sample size, i x k. The orientations of the
grains, £, which effects the grains elastic properties in
the global axes frame, are also re-tandomized. Simu-
lations with at least 25 different grain geometries and
orientations, for each of the first four sample sizes, are
performed. For each of the remaining larger samples,
simulations with at least 30 different random grain ge-
ometries are conducted. Note that due to the method
of generating the grain geometry (see Section 2.1) the
number of grains in a & x A size sample 1s not con-
stant. The number of simulations conducted for each
sample size is thought to provide a good indication of
the variation in the homogenized elastic properties.

The effect of elastic anisotropy in the A4 x s sample
is studied by randomly varying only the grain orienta-
tions, £. The grain geometry is held constant for each
h x h sample. The same number of simulations are
performed for each sample size as reported above.
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The results presented below are independent of
grain size, This was verified by generating self-similar
samples, each composed of different mean grain size,
i.e., the grain tessellation for the different sized sam-
ples was identical. The computed homogenized clastic
properties were the same for the different self-similar
specimens. This observation is not surprising. In the
uniaxial loading simulations, the stress fields depend
on the length scale only near the triple points where
the solution is singular. For ice, the singuiarities at the
triple points are relatively weak (see, e.g., Guptaet al.,
1993}. Hence the region effected by the singularities
are small compared with the grain area and have little
influence on the homogenized parameters sought.

It is interesting to note that in the self-consistent
method averaging only a small number of crystals
gives accurate overall moduli. For example, Iwakuma
and Nemat-Nasser (1984) calculated the overall mod-
uli of a polycrystal solid, subject to finite elasto—plastic
deformation, and needed only 46, or fewer, grain ori-
entations (this corresponds to a sample smaller than
7.5 x 7.5 mm?). These authors add a cautionary note
that at large strains (presumably where the mismatch
between grains has developed substantially) the over-
all behavior depends on the number of grains consid-
ered. The following question arises: will the number
of grains required in the self-consistent method suffice
to homogenize the elastic properties when the poly-
crystal is viewed as an assembly of individual grains?
In the self-consistent method, the following auxiliary
problem is solved first: a homogeneous matrix which
possess the average macroscopic moduli with an em-
bedded single grain {usually circular or ellipsoidal in
shape} is subjected to nominal macroscopic loading.
Subsequently, the overall and single crystal moduli are
related by averaging over all crystal orientations and
shapes. The assumption in the self-consistent method
that each crystal is surrounded by an equivalent komo-
geneouns matrix is valid only if a sufficient number of
grains surround the given crystal. An indication of this
number is provided by Laws and Lee (1989): these
authors calculate that at least 200 grains are required
for accurate residual stress fields when the polycrystal
is subject to a temperaturc drop.? Thus the number
of grains required to homogenize the elastic proper-

2Laws and Lee (1989) considered regular hexagonal grains
which were elastically isotropic but thermally anisotropic.

ties is expected to be greater than in the self-consistent
scheme,

4.1.1. Effect of temperature

Changing the temperature has the same efiect on
all the components of the single crystal moduli, see
Eqg. (11). Since linear elastic behavior is considered,
having the solution at a certain temperature, T, the
solution at a new temperature 7 can be scaled using Eq.
(11).In particular, the homogenized Young’s modulus
at a temperature 7, E(T), is given by:

(1-1.418x 10737
(1 —1.418 x 10-3T) ~

E(T) = E(Ter) (13)

The homeogenized Poisson ratio should be unaffected
by a temperature change, since:

E(T) _
2G(T)

= 1, (14)
where G is the homogenized shear modulus, and the
thermal effects on £(T) and G(T) are the same and
hence cancel each other. Some evidence of the Poisson
ratio independence of temperature has been observed
experimentally by Langleben and Pounder (1963), in
the —3.6°C to —15°C range, albeit for sea ice. How-
ever, Sinha (1989b) observes that there is little dis-
crepancy in the reported dynamic Poisson ratio of dif-
ferent ice types.

4.1.2. No grain boundary sliding

The homogenized elastic properties can be cal-
culated by the spatial averaging methods of Voigt
(1910) and Reuss (1929) (as done by Nanthike-
san and Shyam Sunder, 1994; Sinha, 1989a; Michel,
1978). As mentioned in the introduction, Hill (1952}
showed that the Voigt and Reuss (V-R) limits give
the upper and lower bound solutions for the aggre-
gate stiffness moduli, Nanthikesan and Shyam Sunder
(1994) calculate the V-R limits for the elastic prop-
erties of S2 ice in the plane of isotropy and at —16°C
to be:

9.726 > E > 9.431
0.

0.320 < 7 <£0.334 (15)

Figs. 6a and 6b plot the homogenized Young’s
modulus, £, and Poisson ratio # versus the number
of grains obtained from the simulations with no grain
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Fig. 6. (a) Homogenized Young’s modulus, £, versus number

of grains; (b) Homogenized Poisson ratio, 7, versus number of
grains, No grain boundary sliding; both grain geometry and grain
orientation varied.

boundary sliding. In this figure both the grains ge-
ometry and orientations are varied. The V-R upper
and lower bounds given in Eq. (15), are also plot-
ted. Figs. 6a and 6b show that as the number of
grains increase so the band of simulated homoge-
nized properties decreases, and then reaches approxi-
mately a constant width, For sample sizes larger than
17.5 x 17.5 mm?, the bands of homogenized proper-
ties produced by the simulations are very close to the
V-R band.

The effect of grain anisotropy is studied in Figs. 7a
and 7b, by varying only the grain orientations and
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Fig. 7. (a) Homogenized Young's modulus, £, versus number
of grains; (b) Homogenized Poisson ratio, p, versus number of
grains. No grain boundary sliding; only grain orientation varied.

keeping the grain geometry fixed. No grain boundary
sliding is allowed. The bands produced by varying
only { are wider than varying both grain geometry and
orientations. Thus when there is no grain boundary
sliding, the effect of grain anisotropy is greater than
the effect of grain shape.

The minimum, average and maximum values of the
homogenized elastic properties from all the simula-
tions are reported in Table 1. The percentage differ-
ence between the maximum and minimum values are
also given. From Table 1 it can be seen that the ho-
mogenized Poisson ratio converges slower than the
Young’s modulus. The averages of £ and of # for dif-
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Statistics for homogenized Young’s Modulus and Poisson ratio for various numbers of grains; no grain boundary sliding allowed; all

simulations considered.

Sample E (MPa) 7

Size ( mm?) Min. Ave. Max. % Diff. Min. Ave, Max. %o Diff.
5x5 9090 9604 10153 11.7 0.291 0.329 0.354 21.72
T5x7.5 9231 9549 9943 7.7 0.307 0.328 0.349 13.77
10x10 9293 9581 9912 6.67 0310 (3.329 0.346 11.52
12.5x12.5 9461 9582 9750 3.05 0.316 0.328 0.339 7.28
15x15 9462 9584 9769 3.24 0317 0.328 0.339 7.12
17.5x17.5 9425 9576 9781 3.78 0.321 (.328 0.336 4.69
20x20 9436 9566 9702 2.83 0.321 0.328 0.336 4.52

ferent sample sizes are all approximately the same.
This is due to the random variation of the grain geom-
etry and grain shape. Table | shows that samples larger
than 17.5 x 17.5 mm? produce bands narrower than
5% and which are very close to the V-R bounds. Note
that the simulations conducted here are by no means
exhaustive; however, the results indicate that a sam-
ple of 17.5 % 17.5 mm?, or approximately 230 grains,
serves as a representative area of the polycrystal.
Experimental data on the Young’s modulus and
Poisson ratio for polycrystalline ice are available in
the literature. Gold (1958) tabulates results of the
sonic values of Young’s modulus and Poisson ratic
at —5°C. The reported values for the Young’s mod-
ulus range from 8.95 GPa to 9.94 GPa; the Poisson
ratio ranges from .31 to 0.365. Sinha (1978) mea-
sured the Young's modulus of polycrystalline $2 ice
in the plane of isotropy, at temperatures between
—40°C and —45°C, and reports a range of 9.1-
9.8 GPa with an average of 9.3 GPa. More recently,
the Poisson ratio was measured by Sinha (1989b) at
—20°C to be 0.31-0.32. The numerical simulations
on 17.5 x 17.5 mm? samples predict the Poisson ratio
to lie in the range 0.32-0.34, The average homog-
enized Young’s modulus, corrected for temperature
according to Eq. (13), are: at —5°C, E = 9.43 GPa,
and at —40°C, E = 9.89 GPa. The simulated values
are in agreement with experimental measurements.

4.1.3. Grain boundary sliding

The results presented in this section are from sim-
ulations with free grain boundary sliding. In Figs. 8a
and 8b the homogenized Young’s modulus, E, and
Poisson ratio ¥ are plotted versus the number of grains

in the sample; both the grains geometry and orien-
tations are varied. The effect of elastic anisotropy is
studied in Figs. 9a and 9b, where only the grain ori-
entations are varied, for a single grain geometry. The
results from all these simulations are presented in Ta-
ble 2.

As 1o be expected, as the number of grains increases
so the bands in the homogenized elastic properties de-
creases. For samples bigger than 17.5x 17.5 mm?, i.c.
samples containing more than 230 grains, the bands’
widths approximately stabilize. Note that the grains
on the specimen border are relatively unconstrained,
and due to free grain boundary slip, are almost un-
loaded. Hence in the smaller samples, where the num-
ber of grains on the border is a large fraction of the
total number of grains, large variability is seen in the
homogenized elastic properties.

The bands formed by varying only the grain orienta-
tions {Figs. 9a and Sb} are much narrower than when
both the grain geometry and the orientations are varied
(Figs. 8a and 8b). Thus grain shape is more impor-
tant than elastic anisotropy when grain boundary slid-
ing occurs. This conclusion is in contrast to the case
of no grain boundary sliding, where elastic anisotropy
is more dominant in producing the variability in the
polycrystal elastic constants.

Sinha (1989b) measured the effeciive Young’s
modulus and Poisson ratio of fresh water polycrys-
talline S2 ice at —20°C. His results show that the
Poisson ratio decreases monotonjcally from about
0.7 to 0.3 as the strain rate varies from 1077 s~' 1o
1072 s~1. The effective Young’s modulus increased
from 4 GPa to approximately 9.5 GPa. Gold {1958)
also reports data from experiments conducted on the
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6l

Statistics for homogenized Young’s Modulus and Poisson ratio for various numbers of grains; free grain boundary sliding permitted; all
simulations considered.

Sample E (MPa) P
Size ( mm?) Min. Ave. Max. % Diff. Min Ave. Max. % DHff.
x5 6687 7408 8306 24.22 0412 0.475 0.503 22.11
7.5%7.5 6947 7815 8148 17.29 0.425 0.456 0.560 31.83
10x10 7246 7738 8182 1291 0.417 0.463 0.526 26.06
12.5x12.5 7300 7738 8076 10.64 0.430 0.455 0.487 13.32
15%E5 7337 7765 8184 11.54 0.425 0.453 0.479 12.86
17.5x17.5 7526 7828 8060 7.0 0.433 0.447 0.473 9.15
20x20 7620 7827 7997 4.95 0.430 0.450 (.466 8.63
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Fig. 8. {a) Homogenized Young's modulus, E, versus number
of graing; (b) Homogenized Poisson ratio, #, versus number of
grains, Free grain boundary sliding; both grain geometry and grain
orienfation varied.

Fig. 9. (a} Homogenized Young's modulus, £, versus number
of grains; (b) Homogenized Poisson ratio, #, versus number of
grains. Free grain boundary sliding; only grain orientation varied.
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same type of ice, but under static loading conditions;
his results indicate Poisson ratio values of 0.31-0.54,
In both these references the stress was restricted to
low levels where the deformation was homogeneous
and elastic; both references reason that grain bound-
ary slip plays a role in the observed strains. The
average elastic parameters obtained from the simu-
lations when grain boundary sliding is allowed, are:
E = 7.9 GPa and # = 0.45. These simulated values
are in accord with the above experimental obser-
vations. The predicted elastic properties correspond
to the strain range 10™*~' — 1073} in the data
of Sinha (1989b}. This strain range corresponds to
the ductile to brittle transition in polycrystalline ice
where maximum compressive stresses are observed.

4.2. Statistical distribution of stress at grain centers

Due to the elastic mismatch between neighboring
crystals, residual stresses are set up within the grains
when the polyerystal is loaded. Ortiz and Suresh
{1993) have shown that the residual stresses within a
polycrystal ceramic, subject to thermal cooling, fol-
fow the Gaussian distribution. They considered an ar-
ray of regular hexagonally shaped grains, with elastic
and thermal anisotropy, and no grain boundary slip.
This section extends the work of Ortiz and Suresh
(1993). The statistical distribution of stresses when
a polycrystal of non-regular shaped grains subject to
uniaxial loading is presented; both no grain boundary
sliding and free grain boundary sliding are considered.

The probability distributions of the stress compo-
nents for two typical 20 X 20 mm? samples, one with-
out grain boundary sliding, and the other with free
grain boundary sliding, are plotted in Figs. 10 and 11,
respectively. The stresses only at the grain centers are
considered. The magnitude of the stress components
are normalized by the applied uniaxial stress; since the
specimen is loaded by a displacement, iy (see Sec-
tion 2.4), the equivalent normalizing stress is given by
|Euy/h|. In addition, Gaussian distributions, or nor-
mal curves are fitted to the simulated normalized stress
components. The Gaussian curves require the mean
stress component, &;, and the standard deviation, s;:

L
&i=ﬁzj(0'?)j

j=

N
1 N _ .
== §j=l (o}~ &), (16)

where N is the number of grains in the specimen, and
o} is the normalized stress component /.

The stress components in a polycrystalline aggre-
gate approximately follow the Gaussian distribution;
as observed by Ortiz and Suresh (1993) in hexago-
nal grains. When no grain boundary sliding is permit-
ted (Fig, 10), the lateral &; and shear &3 have zero
mean stress components. In the uniaxial direction on
the other hand, &3, the mean normalized stress is —1;
the negative sign indicates that the applied displace-
ment loading, u; caused uniaxial compression. These
results are to be expected since equilibrium has to be
maintained.

When free grain boundary stiding is allowed, the
grains on the sample boundary are unconstrained, and
hence unloaded relative to the grains within the sam-
ple. The specimen boundary grains bias the stress
distributions, and hence these grains are excluded in
Fig. 11. The distributions for the free grain bound-
ary slip case are also approximately Gaussian. Note
however, while the mean shear stress component o5 is
once again zero, the other mean components, oy # 0
and &3 #F —1. The mean stresses are not the same as
in the no grain boundary sliding case because of two
effects. First, due to the applied uniaxial compression
and grain boundary slip, at each grain triple point, one
grain wedges the other two grains apart. This results
in: {i) the wedging grain having a locally high conm-
pressive o component, and (ii) the other two grains
having locally high tensile oy components. Second,
since the stress components are sampled only at the
grain centers, instead of taking a volume average, the
wedging effect is not canceled out. Hence, the mean
lateral normalized stress component is tensile, & > 0
while the mean axial component &1 < --1. The local
grain wedging action, causing locally tensile o fields,
has significant implications for microcracking in poly-
crystalline ice loaded in compression (see Elvin and
Shyam Sunder (1994) for details).

5. Conclusion

This paper examines how many grains are required
to homogenize the elastic behavior of polycrystalline
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52 ice. Two extreme limits are considered: (i) no grain
boundary sliding, and (ii) free grain boundary slip.
The grain geometry is modeled by modified Voronoi
polygons. The elastic anisotropy of the grains is ac-
counted for. Finite element simulations of uniaxial
compression of various size specimens are conducted.

Results show that at least 230 grains are required
in order for the polycrystal aggregate to exhibit ho-
mogenized elastic behavior. When no grain bound-
ary sliding is allowed, numerically computed homog-
enized Young's modulus and Poisson ratio bands are
very close to the Voigt and Reuss theoretical upper
and lower bounds. The effect of grain anisotropy on
the homogenized elastic constants is more important
then grain shape when no grain boundary sliding is
allowed. The effect of grain shape on the homoge-
nized properties is dominant when free grain boundary
sliding occurs. The average computed homogenized
Young’s modulus and Poisson ratio are: 9.38 GPa and
0.33 with no grain boundary sliding; 7.83 GPa and
0.45 with free grain boundary sliding. The stress com-
ponents at the grain centers approximately follow a
Gaussian distribution. The same distribution was cal-
culated by Ortiz and Suresh (1993}, but for an array of
hexagonal grains subject to thermal loading and with
no grain boundary sliding.

The 230 grains required to homogenize the elastic
response of the polycrystal defines the representative
area element. At least this number of grains has to be
considered when conducting micromechanical studies
on polycrystalline 82 ice. On the other hand, the res-
olution in large scale boundary value problems, with
homogeneous constitutive laws {e.g., in-plane inden-
tation of a floating ice sheet) especially in regions of
high stress fluctuation, cannot be finer than this repre-
sentative area element.
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